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Abstract: The effect of two basic topological defects, mitosis and the Stone–Wales defect, is 

studied in the graphene structure. The topological rules of the curvatures due to the occurrence 

of the defects in different arrangements are determined. Despite the fact that the causes and 

the probability of these topological defects are not known today, this theoretical work studies 

the distortions caused by the defects geometry and stability of the graphene structure.

Keywords: graphene structure, topological rules, nanotube, Stone–Wales defect

Introduction
It is known that pentagons built between hexagons cause the curvatures in the structures 

of the fullerenes and the carbon nanotube ends.1,2 The characteristic saddle-shaped 

surfaces at the junctions of the carbon nanotubes result in the heptagons built in the 

hexagonal structure.3,4 In this work the deforming effect of the pentagons and the 

heptagons as defects of the graphene structure is studied.

Pentagons and heptagons generally can appear in pairs in the graphene structure 

since the mean coordination number of the planar trivalent polygonal cell systems 

equals 6 according to Euler’s law.5,6

The effect of the Stone–Wales defect was studied on the mechanical,7–9 fracture,10 

and electronic11–13 properties of single-wall carbon nanotubes by different theoretical 

methods. In the case of the graphene structure it was observed that the Stone–Wales 

defect can modify the structure from planar to spatial.15 The Raman spectra was cal-

culated14 and the electronic behavior was estimated.17

In this work the geometric effect of topological defects is examined to answer the 

question: does the graphene structure containing defects remain planar or not?

Method
Considering the topological knowledge of the planar cell systems, the two characteristic 

examples of their origin are:

•	 The Stone–Wales defect is the 90° rotation of two carbon atoms with respect to 

the midpoint of the bond. In the Stone–Wales defect, four hexagons are changed 

into two pentagons and two heptagons (Figure 1a). The pentagons are separated 

by heptagons. The number of the atoms (vertexes) does not change.

•	 The mitosis where two pentagons originate from a given hexagon and consequently 

the neighboring hexagons become heptagons (Figure 1b). The heptagons are sepa-

rated by pentagons. The number of the atoms increases by two.
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Table 1 The deformation rates for the structure shown in 
Figure 2

Bond lengths Angles

Notations in 
Figure 7

Rate of 
distortion 
(%)

Notations in 
Figure 7

Angle Rate of 
distortion 
(%)

b1  97.14 α1
120.90  94.03

b2 100.71 α2
142.20 110.60

b3 100.71 α3
125.98  97.98

b4 100.71 α4
121.84  94.77

b5  97.86 α5
118.22 109.46

b6  97.86 α6
 98.56  91.26

b7  97.86 α7
112.33 104.01

b8  98.57 α8
119.24  99.37

b9 100.00 α9
125.28 104.40

b10 101.42 α10
116.05  96.71

α11
122.29 101.91

α12
120.04 100.03

α13
117.10  97.58

Considering the possibilities for the appearing of the 

topological defects in the graphene structure the following 

arrangements can be studied:

•	 the defect itself,

•	 defects arranged along lines,

•	 defects arranged in groups,

•	 defects arranged in net.

An example for every possibility was studied in this 

work. A relaxation procedure was applied for the differ-

ent arrangements of the topological defects. The inputs 

were planar patterns where the defects were constructed 

in the graphene structure similarly as is shown in Figure 1. 

The goal of the relaxation procedure was to find the equi-

librium state of the structure applying an energetic potential 

 function, which is a mathematical formula for the energy of 

the chemical bonds. The procedure is a simplified variation 

of the molecular dynamic.18,19 The equilibrium state was 

reached by an iteration procedure varying the coordinates of 

the atoms (for example with the known mathematical gradi-

ent method) until the minimum of the energetic potential 

function is found. For this purpose two methods were tried 

out in parallel: the Desktop Molecular Modeller, which is a 

commercial software, and our own computer codes based on 

the energetic Brenner empirical potential function.20 Both 

methods have given the same result for all examples shown 

in this work.

In every model shown in the following sections, an infinite 

structure is assumed with a periodic boundary condition.

Results and discussion
The effect of the Stone–Wales defects
The pentagon pair separated by the heptagon pair as the 

result of the Stone–Wales defect occurring in the graphene 

structure was studied first. According to the relaxation pro-

cedures, the arrangement containing one defect remained 

planar (Figure 2). Both the bond lengths and the angles 

became distorted. The rates of the distortions are summa-

rized in Table 1. The percentile rates were computed for the 

data of regular pentagons, hexagons, and heptagons, for the 

bond length of the perfect graphene (1.42 Angström), and 

for the angles of the regular polygons (108° in the case of 

the regular pentagons, 120° in the case of the regular hexa-

gons, and 128.57° in the case of the regular heptagons). 

Smaller deviations were found in the bond lengths (the 

largest deviation is 2.87% at b
1
) and larger deviations were 

found in the angles (the largest deviation is 10.6%: α
2
 inside  

heptagons).

Several further examples were studied for the cases when 

the structure contains more defects. Pentagon–heptagon pairs 

are arranged in a line as shown in Figure 3. The orientation 

of the crystal structure of the graphene is above the defect 

line (zigzag) rather than under the defect line (armchair). 

The structure remains planar according to the relaxation 

procedures.

ba
Figure 1 a) The Stone–Wales defect: the gray heavy lines show the bonds before the 
transformation and the black heavy lines show the bonds after the transformation. 
b) Mitosis defect: The black heavy line show the new bond between the new atoms.

Figure 2 The graphene structure containing a Stone–Wales defect remains planar.
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In Figure 4, perfect hexagonal and pentagon–heptagon 

chains succeed each other. Half of the cells are not hexagonal. 

The structure remains planar.

In Figure 5 the pentagon–heptagon pairs are arranged 

in a net. The nearest pentagons are separated by heptagons 

(or a heptagon and a hexagon) everywhere in the structure. 

Two-thirds of the cells are not hexagonal. The structure 

remains planar.

According to the relaxation procedures applied in 

this theoretical work, the graphene structure containing 

Stone–Wales defects remain planar. This should be related 

with the fact that this defect can be seen as a dislocation 

dipole. It seems that there is a cancellation in the distortions 

originated by the dislocations.21

The effect of mitosis as topological  
defect
Mitosis as topological defect was studied in trivalent 

polygonal cell systems6 and was not studied in the gra-

phene structure till now. This section is a theoretical con-

sideration to determine the effect of the presence of such 

topological defects on the geometrical structure of the  

graphene.

In a first approximation, the case of mitosis as topologi-

cal defect is very interesting since the relaxation procedures 

give a planar structure if the heptagon pair separated by 

the pentagon pair is studied alone (Figure 6), but the struc-

ture is not planar if this defect is constrained in the graphene 

structure (Figure 7).

Both the bond lengths and the angles become distorted 

in the spatial structure. The rates of the distortions are sum-

marized in Table 2. The percentile rates are computed to 

the bond length of the perfect graphene and to the angles 

of the regular polygons. It is true here again that smaller 

 deviations were found in the bond lengths and larger 

deviations were found in the angles, the order of magni-

tude of the rates is similar to the case of the Stone–Wales  

defect.

Figure 8 shows mitoses arranged next to each other along 

a line. The deformations are summarized along the line, the 

sum is very large, and the solution is a wavy pattern with 

alternating curvatures.

Figure 6 The structure of the heptagon pair separated by the pentagon pair is 
planar if it is studied alone.

Figure 3 The defects are arranged in a horizontal line.

Figure 4 horizontal defect lines consisting of pentagon–heptagon pairs are 
constructed between the hexagonal lines.

Figure 5 The pentagon–heptagon pairs are arranged in a net.
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Table 2 The deformation rates of bond lengths and the angles

Bond lengths Angles

Notations in 
Figure 2

Rate of 
distortion 
(%)

Notations in 
Figure 2

Angle Rate of 
distortion 
(%)

b1  98.57 α1
111.62 103.35

b2  97.14 α2
118.04 109.29

b3  98.57 α3
 99.32  91.96

b4  96.43 α4
120.60 100.5

b5  99.29 α5
128.72 107.27

b6 100.71 α6
107.52  89.6

b7 100.00 α7
123.68 103.67

b8  98.57 α8
122.86 102.38

b9 100.43 α9
113.72  94.77

b10 100.70 α10
126.40  98.31

α11
130.46 101.47

α12
125.80  97.85

α13
127.64  99.28

Mitoses can be arranged next to each other not only along 

straight lines but along curves or in groups. For example: three 

pentagons placed next to each other produce a larger curvature 

in the graphene structure than in the case of two pentagons 

(Figure 9). It is interesting that the largest curvature arises 

from six mitoses arranged in a group (Figure 10). In this case, 

six pentagons placed next to each other created a half dodeca-

hedron, which can be the end of an armchair-type nanotube. 

If the six pentagons are arranged along a curve as can be seen 

in Figure 11, the resulting structure is the end of a zigzag-type 

nanotube. To arrange more than six pentagons next to each 

other cannot be solved in a pentagon–heptagon–hexagon  

system.

A significant difference between the two basic types of 

topological defects is that the pentagons are next to each other 

at the mitosis, separated in a Stone–Wales defect, and accord-

ing to the presented examples that there are curvatures in the 

graphene structure when pentagons are placed next to each 

other. However, pentagons can be placed next to each other 

if two Stone–Wales defects are created fittingly, as shown in 

Figure 12.

Finally do pentagons and/or heptagons occur in the sys-

tem alone (such patterns can be created using Stone–Wales 

defect series)? When a pentagon is surrounded by hexagons, a 

spherical surface forms and when a heptagon is surrounded by 

hexagons, the characteristic saddle-shaped surface forms. The 

example shown in Figure 13 contains several pentagons and 

Figure 8 Mitoses arranged along a straight line. Upper: top view, lower: side view.

Figure 9 Three pentagons are constructed next to each other. Upper: top view, 
lower: side view.

Figure 7 A curvature appears in the structure containing mitosis as topological 
defect. Upper: top view, lower: side view.
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heptagons, in a hexagonal environment. Relaxation procedures 

create a surface with alternate curvatures for this pattern.

The stability in the environment  
of the defects
To study the stability of the distorted graphene structures, 

the cohesive energy (the average energy of the chemical 

bonds: the total energy divided by the number of the 

bonds) was calculated for the structures shown above. 

The Brenner empirical potential function was used for this 

purpose and averages were calculated only for the closest 

environments of the defects (for the bonds connecting with 

pentagons or heptagons), this better emphasizes the effect 

of the defects. Cohesive energy values are summarized in  

Table 3.

Cohesive energy in the environment of the defects 

increases several percent compared to the cohesive energy of 

the perfect graphene (−7.44 eV) in every case. The increase 

is smaller for the planar structures (Figures 3–6) and it is 

larger for the structures with curvatures (Figures 8–12). The 

more pentagons are connected to each other, the larger the 

decrease of stability (Figures 8, 10–12). The defects shown 

in Figure 8 have the least stability because the pentagons 

Figure 13 Pentagons and heptagons surrounded by hexagons in the graphene structure.

Figure 10 Six pentagons are placed next to each other in a group. Upper: top 
view, lower: side view.

Figure 11 Six pentagons are placed next to each other along a curve. Upper: top 
view, lower: side view.

Figure 12 Stone–Wales defects placed next to each other at the pentagons cause 
curvature Upper: Top view, lower: side view. 
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Table 3 The cohesive energy for the environment of the 
defects

Structure Ec (eV)

Figure 2 −7.18
Figure 3 −7.17
Figure 4 −7.16
Figure 5 −7.19
Figure 7 −7.12
Figure 8 −6.86
Figure 9 −7.09
Figure 10 −7.01
Figure 11 −7.03
Figure 12 −7.03
Figure 13 −7.14

cause curvatures in both sides of the graphene sheet where 

they are connected with each other.

Conclusions
After considering the theoretical work of this study, shown in 

this work the following topological rules can be formulated. 

The graphene structure containing pentagonal and heptagonal 

defects does not remain planar if:

•	 at least two pentagons can be found next to each other, or

•	 all neighbor cells of a pentagon or a heptagon are 

hexagons.

With a more general topological description, curvatures 

can be found where:

•	 the structure contains pentagons where the sum of the edge 

numbers of the nearest neighbor polygons is ≤	31, or

•	 it contains heptagons where the sum of the edge numbers 

of the nearest neighbor polygons is ≥	42.

In the environment of the studied topological defects, the 

stability of the structure decreases by (the cohesive energy 

increases) several percent.
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